On poly-Bell numbers and polynomials by Guettai, Ghania et al.
ar
X
iv
:1
81
2.
04
13
6v
1 
 [m
ath
.N
T]
  1
0 D
ec
 20
18
ON POLY-BELL NUMBERS AND POLYNOMIALS
GHANIA GUETTAI, DIFFALAH LAISSAOUI, MOURAD RAHMANI, ANDMADJID SEBAOUI
ABSTRACT. This paper aims to construct a new family of numbers and polynomials which
are related to the Bell numbers and polynomials by means of the confluent hypergeometric
function. We give various properties of these numbers and polynomials (generating func-
tions, explicit formulas, integral representations, recurrence relations, probabilistic repre-
sentation,...). We also derive some combinatorial sums including the generalized Bernoulli
polynomials, lower incomplete gamma function, generalized Bell polynomials. Finally, by
applying Cauchy formula for repeated integration, we introduce poly-Bell numbers and
polynomials.
Keywords: Bell numbers and polynomials, Bernoulli polynomials, generating function,
probabilistic representation, Stirling numbers.
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1. INTRODUCTION
Recently, Rahmani in [17] published a paper on the function
gp (z) = (p+ 1)!∑
n≥0
n!
(n+ p+ 1)!
(1− ez)n ,
which generalized the generating function of Bernoulli numbers and gave an interesting
algorithm for computing Bernoulli numbers and polynomials. Our main goal in this
paper is to consider a class of numbers outcome from the following generating function
which generalize Bell numbers
fp (z) = p!∑
n≥0
(ez − 1)n
(n+ p)!
.
and we give some of its properties.
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The present paper is organized as follows. We first introduce in Section 2, our nota-
tions and definitions. Then we present in Section 3 some properties related to the p-Bell
numbers. The poly-Bell numbers is introduced in Section 4. The p-Bell and poly-Bell
polynomials are presented in Section 5. Finally, the probabilistic representation of p-Bell
polynomials is given in Section 6.
2. PRELIMINARIES
As usual [10], the falling factorial xn (x ∈ C) is defined by{
x0 = 1,
xn = x (x− 1) · · · (x− n+ 1) , for n > 0
and the rising factorial denoted by xn, is defined by xn = x (x+ 1) · · · (x+ n− 1) with
x0 = 1. The (signed) Stirling numbers of the first kind s (n,k) are the coefficients in the
expansion
xn =
n
∑
k=0
s (n,k) xk,
and satisfy the recurrence relation given by
(1) s (n+ 1,k) = s (n,k− 1)− ns (n,k) (1≤ k ≤ n) .
The Stirling numbers of the second kind, denoted {nk} are the coefficients in the expansion
xn =
n
∑
k=0
{
n
k
}
xk.
The Stirling numbers of the second kind {nk} count the number of ways to partition a set
of n elements into exactly k nonempty subsets. The number of all partitions is the Bell
number φn, thus
φn =
n
∑
k=0
{
n
k
}
.
The polynomials
(2) φn (x) =
n
∑
k=0
{
n
k
}
xk
are called single-variable Bell polynomials or exponential polynomials.
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The exponential generating functions are respectively
∑
n≥k
s (n,k)
zn
n!
=
1
k!
(ln(1+ z))k ,(3)
∑
n≥k
{
n
k
}
zn
n!
=
1
k!
(ez − 1)k(4)
and
(5) ∑
n≥0
φn (x)
zn
n!
= exp (x (ez − 1)) .
3. THE p-BELL NUMBERS
In this section, we introduce and study a new generalization of the Bell number which
we call the p-Bell numbers. For every integer p ≥ 0, we define a sequence of rational
numbers Bn,p (n ≥ 0) by
(6) fp (z) := ∑
n≥0
Bn,p
zn
n!
= 1F1
(
1
p+ 1
; ez − 1
)
= ∑
n≥0
(
n+ p
p
)−1 (ez − 1)n
n!
,
where Bn,0 := φn denotes the classical Bell numbers and 1F1
(
a
c
;z
)
denotes the Kummer
confluent hypergeometric function [1] is defined by
(7) ∑
n≥0
an
cn
zn
n!
.
The first three exponential generating functions are:
∑
n≥0
Bn,1
zn
n!
=
exp (ez − 1)− 1
ez − 1
,(8)
∑
n≥0
Bn,2
zn
n!
=
2 (exp (ez − 1)− ez)
(ez − 1)2
,
∑
n≥0
Bn,3
zn
n!
=
3
(
2exp (ez − 1)− e2z − 1
)
(ez − 1)3
.
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3.1. Generating functions and Explicit formulas. We start with an explicit formula for
p-Bell numbers Bn,p involving Stirling numbers of the second kind.
Theorem 1. For p ≥ 0, we have
(9) Bn,p =
n
∑
k=0
(
k+ p
k
)−1{n
k
}
.
Proof. By using (4), we obtain
∑
n≥0
n
∑
k=0
(
k+ p
k
)−1{n
k
}
zn
n!
= ∑
k≥0
(
k+ p
k
)−1
∑
n≥k
{
n
k
}
zn
n!
= ∑
k≥0
p!k!
(k+ p)!
(ez − 1)k
k!
= ∑
k≥0
(1)k
(p+ 1)k
(ez − 1)k
k!
= 1F1
(
1
p+ 1
; ez − 1
)
= ∑
n≥0
Bn,p
zn
n!
.
Comparing the coefficients of z
n
n! , on both sides, we arrive at the result (9). 
In particular, for p = 1 we have
Bn,1 =
n
∑
k=0
1
k+ 1
{
n
k
}
=
1∫
0
φn (t)dt
and we can write Bn,1 also in the following form.
Proposition 1. For n ≥ 0, we have
(10) Bn,1 =
n
∑
k=0
(
n
k
)
φk+1Bn−k
k+ 1
,
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where Bn denotes the n-th Bernoulli number [10], which is defined by means of the following
generating function
∑
n≥0
Bn
zn
n!
=
z
ez − 1
.
Proof. We can rewrite (8) as
∑
n≥0
Bn,1
zn
n!
=
z
ez − 1
(
exp (ez − 1)− 1
z
)
= ∑
n≥0
(
n
∑
k=0
(
n
k
)
φk+1Bn−k
k+ 1
)
zn
n!
.
Equating the coefficients of z
n
n! , we get the desired result. 
Remark 1. We note that the formula (10) is a particular case of Ramanujan’s identity [3, Exam-
ple 4, p. 51].
Theorem 2. The double exponential generating function of Bn,p is given by
∑
p≥0
∑
n≥p
Bn,p
zn
n!
yp
p!
=
(ez − 1)exp (ez − 1)
ez − 1− y
.
Proof.
∑
p≥0
∑
n≥p
Bn,p
zn
n!
yp
p!
= ∑
p≥0
∑
n≥0
(ez − 1)n
(n+ p)!
yp
= ∑
n≥0
(ez − 1)n
n! ∑p≥0
(
y
ez − 1
)p
=
(ez − 1)exp (ez − 1)
ez − 1− y
.

In order to establish some properties of Bn,p, recall that the r-Stirling numbers of the
second kind [5] {nk}r counts the number of partitions of a set of n objects into exactly
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k nonempty, disjoint subsets, such that the first r elements are in distinct subsets. The
exponential generating function is given by
∑
n≥k
{
n+ r
k+ r
}
r
zn
n!
=
1
k!
erz (ez − 1)k .
Now, by means of the generalized Stirling transform [15], we obtain the following result.
Theorem 3. For n,m ≥ 0, we have
m
∑
k=0
s (m,k)Bn+k,p =
n
∑
k=0
{
n+m
k+m
}
m
(
m+ k+ p
p
)−1
.
In the next, we give some integral representations involving the exponential polyno-
mials. It follows from the general theory of hypergeometric functions that the confluent
hypergeometric function has an integral representation [1]
(11) 1F1
(
a
b
;z
)
=
Γ (b)
Γ (b− a)Γ (a)
1∫
0
eztta−1 (1− t)b−a−1dt,
where Γ denotes the gamma function.
Theorem 4. For p ≥ 1, we have
(12) ∑
n≥0
Bn,p
zn
n!
= p
1∫
0
exp((ez − 1) t) (1− t)p−1 dt.
Corollary 1. For p ≥ 1, we have
(13) Bn,p = p
1∫
0
(1− t)p−1 φn (t)dt.
Proof. We have
∑
n≥0
Bn,p
zn
n!
= p
1∫
0
∑
n≥0
φn (t)
zn
n!
(1− t)p−1 dt
= ∑
n≥0

p 1∫
0
φn (t) (1− t)
p−1 dt

 zn
n!
.
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Comparing the coefficients of z
n
n! , on both sides, we arrive at the result (13). 
The integral representation (13) can be also proved by using a well-known result [19]
(
n
k
)−1
= (n+ 1)
1∫
0
xk (1− x)n−k dx
and (9), we write
Bn,p =
n
∑
k=0
(
k+ p
k
)−1{n
k
}
=
1∫
0
(1− x)p
n
∑
k=0
(k+ p+ 1)
{
n
k
}
xkdx
=
1∫
0
(1− x)p
(
(p+ 1)φn (x) + x
d
dx
φn (x)
)
dx
= (p+ 1)
1∫
0
(1− x)p φn (x)dx+
1∫
0
(1− x)p x
(
d
dx
φn (x)
)
dx
= p
1∫
0
(1− x)p φn (x)dx+ p
1∫
0
(1− x)p−1 xφn (x)dx
= p
1∫
0
(1− x)p−1 φn (x)dx.
Now, using the well-known Dobinski’s formula for the Bell polynomials [8]
(14) φn (x) = e
−x ∑
k≥0
kn
k!
xk,
we get, the Dobinski’s formula for the p-Bell numbers.
Corollary 2. The p-Bell numbers Bn,p can also be written as
(15) Bn,p = ∑
k≥0
(
p+ k
k
)−1
1F1
(
k+ 1
p+ k+ 1
;−1
)
kn
k!
.
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Proof. From (13) and (14) , we obtain
Bn,p = p ∑
k≥0
kn
k!
1∫
0
e−t (1− t)p−1 tkdt.
and (15) follows from (11). 
We present here another expression for the generating function of Bn,p involving the
lower incomplete gamma function. Recall that the lower incomplete gamma function
γ (s,z) is defined as:
γ (s,z) =
z∫
0
e−tts−1dt.
Theorem 5. For p ≥ 1, the exponential generating function for p-Bell numbers is given by
∑
n≥0
Bn,p
zn
n!
=
p (exp(ez − 1))
(ez − 1)p
γ (p, ez − 1) .
Proof. This can be achieved by a simple change of variable t = 1− y/(ez − 1) in (12). 
Theorem 6. The exponential generating function for p-Bell numbers is given by
(16) ∑
n≥0
Bn,p
zn
n!
=
p! (exp(ez − 1))
(ez − 1)p
−
p
∑
k=1
pk
(ez − 1)k
.
Proof. After an integration by parts, we can rewrite (12) as
(17) fp (z) =
p
ez − 1
fp−1 (z)−
p
ez − 1
.
Now, applying (17) inductively we get the desired result. 
Next, we will show the relationship between the p-Bell numbers, Bell numbers and the
generalized Bernoulli numbers. Recall that the generalized Bernoulli polynomials B
(α)
n (x)
of degree n in x are defined by the exponential generating function [4, 18]
(18)
(
t
et − 1
)α
ext =
∞
∑
n=0
B
(α)
n (x)
tn
n!
(|t| < 2pi; 1α := 1)
for arbitrary parameter α. In particular B
(α)
n (0) := B
(α)
n denotes the generalized Bernoulli
numbers of order α, and B
(1)
n (x) denotes the classical Bernoulli polynomials.
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Corollary 3. For n, p ≥ 0, we have
(19) Bn,p =
n+p
∑
k=0
(
n+ p
k
)(
n+ p
p
)−1
φn+p−kB
(p)
k −
p
∑
k=1
(
n+ k
k
)−1(p
k
)
B
(k)
n+k.
Proof. From (16), we write
∑
n≥0
Bn,p
zn
n!
= p!∑
n≥0
(
n
∑
k=0
(
n
k
)
φn−kB
(p)
k
)
zn−p
n!
− ∑
n≥0
p
∑
k=1
pkB
(k)
n
zn−k
n!
= ∑
n≥0
(
n+p
∑
k=0
(
n+ p
k
)(
n+ p
p
)−1
φn+p−kB
(p)
k
)
zn
n!
− ∑
n≥0
(
p
∑
k=1
(
n+ k
k
)−1(p
k
)
B
(k)
n+k
)
zn
n!
.
Comparing the coefficients of z
n
n! , on both sides, we reach the result (19). 
The following lemma will be useful for the proof of next theorem.
Lemma 1. For p ≥ 0, we have
1F1
(
p+ 1
p+ 2
;1− ez
)
= (−1)p (p+ 1)
(
e−z
d
dz
)p
1F1
(
1
2
;1− ez
)
and
1F1
(
1
2
;1− ez
)
=
(
1− exp (1− ez)
ez − 1
)
.
Proof. By induction on p. 
Theorem 7. For p ≥ 1, we have
∑
n≥0
Bn,p
zn
n!
= exp (ez − 1) (−1)p−1 p
(
e−z
d
dz
)p−1 (1− exp (1− ez)
ez − 1
)
.
Proof. According to the Kummer transformation [1], we can write
1F1
(
1
p+ 1
; ez − 1
)
= exp (ez − 1) 1F1
(
p
p+ 1
;1− ez
)
By above Lemma we obtain the result. 
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The next result give us the integral representation of Cesa`ro type [7].
Theorem 8. For n ≥ 1, we have
(20) Bn,p =
2n!p!
pie
Im
∫ pi
0
(
exp(
(
exp
(
eiθ
))
)
(exp (eiθ)− 1)
p − e
p−1
∑
l=0
(
exp
(
eiθ
)
− 1
)l−p
l!
)
sin(nθ)dθ,
where Im(z), denotes the imaginary part of z.
Proof. By using the integral identity:
{
n
k
}
=
2n!
pi
Im
∫ pi
0
(
exp
(
eiθ
)
− 1
)k
k!
sin(nθ) dθ
and (9) we get (20). 
3.2. Recurrence relations. Now we give a recurrence relation for the p-Bell numbers
Bn,p. The proof is based on (12).
Theorem 9. The p-Bell numbers satisfies the following recurrence relation
(21) Bn+1,p = (n+ 1)Bn,p −
n−2
∑
k=0
(
n
k
)
(−1)n−kBk+1,p −
p
p+ 1
Bn,p+1
with the initial sequence B0,p = 1.
Proof. By differentiation (12) with respect to z, we obtain
e−z
d
dz
fp (z) = p
1∫
0
texp((ez − 1) t) (1− t)p−1 dt
= −p
1∫
0
(1− t− 1)exp((ez − 1) t) (1− t)p−1 dt
= −p
1∫
0
exp((ez − 1) t) (1− t)p dt+ p
1∫
0
exp((ez − 1) t) (1− t)p−1 dt
= −
p
p+ 1
fp+1 (z) + fp (z) ,
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or equivalently
e−z ∑
n≥0
Bn+1,p
zn
n!
= −
p
p+ 1 ∑n≥0
Bn,p+1
zn
n!
+ ∑
n≥0
Bn,p
zn
n!
.
After some rearrangement, we get
∑
n≥0
(
n
∑
k=0
(
n
k
)
(−1)n−kBk+1,p
)
zn
n!
= −
p
p+ 1 ∑n≥0
Bn,p+1
zn
n!
+ ∑
n≥0
Bn,p
zn
n!
.
The conclusion follows by comparing coefficients of z
n
n! . 
By using (21), we list the p-Bell numbers Bn,p for 0≤ n ≤ 6 and 0≤ p≤ 3
Sp =


1 1 1 1 · · · B0,p
1 1/2 1/3 1/4 · · · B1,p
2 5/6 1/2 7/20 · · · B2,p
5 7/4 14/15 3/5 · · · B3,p
15 68/15 13/6 179/140 · · · B4,p
52 167/12 127/21 185/56 · · · B5,p
203 2057/42 235/12 8389/840 · · · B6,p
...
...
...
...
Bn,0 Bn,1 Bn,2 Bn,3


When p = 0, the formula (21) becomes
Corollary 4. We have
φn+1 = (n+ 1)φn +
n−1
∑
k=1
(−1)n−k
(
n
k− 1
)
φk .
The next result presents a different types of recurrence for p-Bell numbers Bn,p. We
need the following lemma in order to prove the Theorem 10.
Lemma 2. We have
(22) 1F1
(
1
p+ 1
;z
)
=
(
1+
z
p+ 1
)
1F1
(
1
p+ 2
;z
)
−
z
p+ 2 1
F1
(
1
p+ 3
;z
)
.
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Proof. This comes directly from (7) . 
Theorem 10. The p-Bell numbers satisfy the following recurrence relation
Bn+1,p+1 = Bn+1,p −
n+ 1
p+ 1
Bn,p+1 +
n+ 1
p+ 2
Bn,p+2
with the initial sequence B0,p = 1 and the final sequence Bn,0 = φn .
Proof. By (22) with z := ez − 1, we have
fp (z) =
(
1+
z
p+ 1
)
fp+1 (z)−
z
p+ 2
fp+2 (z)
∑
n≥0
Bn,p
zn
n!
= ∑
n≥0
(
Bn,p+1 +
1
p+ 1
nBn−1,p+1 −
1
p+ 2
nBn−1,p+2
)
zn
n!
.
Equating the coefficients of z
n
n! and using (21), we get the result. 
In the next, we propose an algorithm, which is based on a three-term recurrence re-
lation, for calculating the p-Bell numbers. Let consider the following sequence Zn,m (p)
with two indices by
(23) Zn,m (p) =
(
m+ p
p
) m
∑
k=0
s (m,k)Bn+k,p.
From Theorem 3, we can write
Zn,m (p) =
(
m+ p
p
) n
∑
k=0
{
n+m
k+m
}
m
(
m+ k+ p
p
)−1
,
with
Z0,m (p) = 1 and Zn,0 (p) = Bn,p.
Theorem 11. The Zn,m (p) satisfy the following three-term recurrence relation:
(24) Zn+1,m (p) =
m+ 1
m+ p+ 1
Zn,m+1 (p) +mZn,m (p) ,
with the initial sequence given by Z0,m (p) = 1.
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Proof. From (1) and (23), we have
Zn,m+1 (p) =
(
m+ p+ 1
p
)m+1
∑
k=0
s (m+ 1,k)Bn+k,p
=
(
m+ p+ 1
p
)m+1
∑
k=0
((s (m,k− 1)−ms (m,k)))Bn+k,p
=
(
m+ p+ 1
p
) m
∑
k=0
s (m,k)Bn+k+1,p −
(
m+ p+ 1
p
)
m
m
∑
k=0
s (m,k)Bn+k,p
=
m+ p+ 1
m+ 1
Zn+1,m (p)−m
m+ p+ 1
m+ 1
Zn,m (p) ,
which is obviously equivalent to (24). 
Remark 2. Note that for p = 0, the recurrence relation (24) reduces to a known formula in [15].
4. POLY-BELL NUMBERS
It is well known that the Cauchy formula for repeated integration [14] is given by
(25) D−n f (x) =
1
(n− 1)!
x∫
0
(x− t)n−1 f (t)dt,
where D−n denotes the n-fold integral and f be a continuous function on the real line.
Comparing the formula (25) with the formula (13) we obtain:
Theorem 12. For p ≥ 1, we have
Bn,p = p!D
−p φn (x)|x=1
= p!
1∫
0
dxp
xp∫
0
dxp−1 · · ·
x2∫
0
φn (x1)dx1.(26)
The iterated integral expression (26) motivate a definition of poly-Bell numbers. Define
the poly-Bell numbers B
(p)
n as follows:
B
(p)
n =
Bn,p
p!
.
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For B
(p)
n the generating function is given by
∑
n≥0
B
(p)
n
zn
n!
= ∑
n≥0
(ez − 1)n
Γ (n+ p+ 1)
and can be extended for p negative as
(27) ∑
n≥0
B
(−p)
n
zn
n!
= ∑
n≥p
(ez − 1)n
Γ (n− p+ 1)
.
An explicit formula of the poly-Bell numbers at a negative upper index p can be obtained
by a direct use of (27).
Theorem 13. The poly-Bell numbers B
(−p)
n is positive and we have
(28) B
(−p)
n =
n
∑
k=p
k!
(k− p)!
{
n
k
}
.
Corollary 5. For p ≥ 0, we have
B
(−p)
n =
dp
dxp
φn (x)|x=1
= p!
n
∑
j=p
(
n
j
){
j
p
}
φn−j.
Proof. From (2), we have
dp
dxp
φn (x) =
n
∑
k=0
{
n
k
}
dp
dxp
xk
= p!
n
∑
k=p
(
k
p
){
n
k
}
xk−p
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which reduces to B
(−p)
n by setting x = 1. On the other hand, from (5), we have
∑
n≥0
dp
dxp
φn (x)
zn
n!
=
dp
dxp
exp (x (ez − 1))
= (ez − 1)p exp (x (ez − 1))
= p! ∑
n≥p
{
n
p
}
zp
p! ∑n≥0
φn (x)
zn
n!
= p!∑
n≥0
(
n
∑
j=0
(
n
j
){
j
p
}
φn−j (x)
)
zn
n!
.
Equating coefficients of z
n
n! and setting x = 1, we get the result. 
A natural question that arises is: the poly-Bernoulli numbers have the duality property
[2, 12]. What about the poly-Bell numbers?
Theorem 14. The double generating function of B
(−p)
n is given by
∑
p≥0
∑
n≥p
B
(−p)
n
zn
n!
yp
p!
= exp ((y+ 1) (ez − 1)) .
By the above theorem, we can answer negatively the question, the duality property
does not hold for the poly-Bell numbers.
Proof. The double generating function of B
(−p)
n can be obtained by using (27) and (4)
∑
p≥0
∑
n≥p
B
(−p)
n
zn
n!
yp
p!
= ∑
p≥0
∑
n≥p
(ez − 1)n
(n− p)!
yp
p!
= ∑
p≥0
(y (ez − 1))p
1
p!∑
i≥0
(ez − 1)i
i!
= exp ((y+ 1) (ez − 1)) .

As a consequence of Theorem 14, we obtain the generating function of poly-Bell num-
bers B
(−p)
n at negative upper index p.
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Corollary 6. We have
∑
p≥0
B
(−p)
n
yp
p!
= φn (1+ y) .
Proof. It follows immediately from
exp ((y+ 1) (ez − 1)) = ∑
n≥0
φn (1+ y)
zn
n!
.

Here is a small table of the numbers B
(p)
n (−4≤ p ≤ −1,0≤ n ≤ 9) .
p\n 0 1 2 3 4 5 6 7 8 9
−1 0 1 3 10 37 151 674 3263 17007 94828
−2 0 0 2 12 62 320 1712 9604 56674 351792
−3 0 0 0 6 60 450 3120 21336 147756 1048830
−4 0 0 0 0 24 360 3720 33600 287784 2424744
5. THE p-BELL POLYNOMIALS
For p ≥ 0, let us consider the p-Bell polynomials Bn,p (x) is defined by means of the
following generating function
(29) Fp (x) := ∑
n≥0
Bn,p (x)
zn
n!
= 1F1
(
1
p+ 1
; ez − 1
)
exz.
Now, using (29) we can easily get the explicit formula for the p-Bell polynomials.
(30) Bn,p (x) =
n
∑
k=0
(
n
k
)
Bk,px
n−k,
For every integer p, we define also the following class of a polynomials B
(p)
n (x) , which
we call poly-Bell polynomials, by
B
(p)
n (x) =
Bn,p(x)
p!
.
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The first few p-Bell polynomials are
B0,p (x) = 1,
B1,p (x) = x+
1
p+ 1
,
B2,p (x) = x
2 +
2x
p+ 1
+
p+ 4
(p+ 1) (p+ 2)
,
B3,p (x) = x
3 +
3x2
p+ 1
+
3 (p+ 4) x
(p+ 1) (p+ 2)
+
p2 + 11p+ 30
(p+ 1) (p+ 2) (p+ 3)
and
B4,p (x) = x
4 +
4x3
p+ 1
+
6 (p+ 4) x2
(p+ 1) (p+ 2)
+
4
(
p2 + 11p+ 30
)
x
(p+ 1) (p+ 2) (p+ 3)
+
p3 + 23p2 + 160p+ 360
(p+ 1) (p+ 2) (p+ 3) (p+ 4)
.
We present here another expression for the explicit formula of Bn,p (x) involvingweighted
Stirling numbers Skn (x) of the second kind [6]. Recall that S
k
n (x) are defined by
Skn (x) =
1
k!
∆kxn
=
n
∑
i=0
(
n
i
){
i
k
}
xn−i,
where ∆ denotes the forward difference operator. These numbers are related to r-Stirling
numbers of the second kind{nk}r andWhitney numbers of the second kind [16]Wm,r (n,k)
by
Skn (r) =
{
n+ r
k+ r
}
r
and Skn
( r
m
)
=
1
mn−k
Wm,r (n,k) ,
respectively.
Theorem 15. For p ≥ 0, we have
(31) Bn,p (x) =
n
∑
k=0
(
k+ p
k
)−1
Skn (x) .
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Proof. From (31) and the generating function of Skn (x)
1
k!
exz (ez − 1)k = ∑
n≥k
Skn (x)
zn
n!
,
we have
∑
n≥0
(
n
∑
k=0
(
k+ p
k
)−1
Skn (x)
)
zn
n!
=
∞
∑
k=0
(
k+ p
k
)−1
∑
n≥0
Skn (x)
zn
n!
=
∞
∑
k=0
(
k+ p
k
)−1 1
k!
exz (ez − 1)k
= exz
∞
∑
k=0
p!
(k+ p)!
(ez − 1)k
= exz ∑
n≥0
Bn,p
zn
n!
= ∑
n≥0
Bn,p (x)
zn
n!
.
This evidently completes the proof of the theorem. 
In particular, we have
Bn,p (r) =
n
∑
k=0
(
k+ p
k
)−1{n+ r
k+ r
}
r
and
Bn,p
( r
m
)
=
n
∑
k=0
1
mn−k
(
k+ p
k
)−1
Wm,r (n,k) .
Now, we want to generalize Theorem 11 to the polynomials case. Let consider the poly-
nomials Zn,m (z; p) which is defined by
(32) Zn,m (x; p) =
n
∑
k=0
(
n
k
)
Zk,m (p) x
n−k
with Z0,m (x; p) = 1 and Zn,0 (x; p) = Bn,p (x) .
Theorem 16. The polynomials Zn,m (x; p) satisfy the following three-term recurrence relation:
(33) Zn+1,m (x; p) =
m+ 1
m+ p+ 1
Zn,m+1 (x; p) + (m+ x)Zn,m (x; p)
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with the initial sequence given by
Z0,m (x; p) = 1.
Proof. From (32) and (24), we have
x
d
dx
Zn,m (x; p) = nZn,m (x; p)−
n (m+ 1)
m+ p+ 1
n−1
∑
k=0
(
n− 1
k
)
Zk,m+1 (x; p) x
n−k−1
− nm
n−1
∑
k=0
(
n− 1
k
)
Zk,m (x; p) x
n−k−1.
Thus
xZn−1,m (x; p) = Zn,m (x; p)−
m+ 1
m+ p+ 1
Zn−1,m+1 (x; p)−mZn−1,m (x; p) ,
which is equivalent to (33). 
The next theorem establishes the integral representation for p-Bell polynomials. From
(29) and (12), we have
Fp (x) = p
1∫
0
(1− t)p−1 exp(xz+ t (ez − 1))dt.
Since
exp(xz+ t (ez − 1)) = ∑
n≥0
Gn,x (t)
zn
n!
= ∑
n≥0
(
n
∑
k=0
(
n
k
)
φk (t) x
n−k
)
zn
n!
,
we get the following theorem.
Theorem 17. The p-Bell polynomials Bn,p (x) satisfy the following integral representation
(34) Bn,p (x) = p
1∫
0
(1− t)p−1Gn,x (t)dt.
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Note that the polynomials Gn,x (t) are a particular case of the more general polynomials
considered by Corcino et al. in [9]. Now using the properties of Gn,x (t) , we get the
following corollaries.
Corollary 7 (Dobinski’s formula). For p ≥ 1, we have
Bn,p (x) = p∑
k≥0
(x+ k)n
k!
1F1
(
k+ 1
p+ k+ 1
;−1
)
.
Proof. From [9, Formula (1.18)], we obtain
Bn,p (x) = p
1∫
0
(1− t)p−1
(
e−t ∑
k≥0
tk
k!
(x+ k)n
)
dt.
= p∑
k≥0
(x+ k)n
k!
1∫
0
e−ttk (1− t)p−1 dt.
= p∑
k≥0
(x+ k)n
k!
1F1
(
k+ 1
p+ k+ 1
;−1
)
.

Corollary 8 (Recurrence relations ). For p ≥ 0, we have
(35) Bn+1,p (x) = xBn,p (x)−
n
∑
k=0
(
n
k
)(
p
p+ 1
Bk,p+1 (x)−Bk,p (x)
)
.
Proof. From [9, Formula (2.9)], we obtain
Bn+1,p (x) = p
1∫
0
(1− t)p−1
(
xGn,x (t) +
n
∑
k=0
t
(
n
k
)
Gn−k,x (t)
)
dt
= xp
1∫
0
(1− t)p−1Gn,x (t)dt
− p
n
∑
k=0
(
n
k
) 1∫
0
((1− t)− 1) (1− t)p−1Gn−k,x (t)dt.
After some manipulation we get (35). 
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Note that when p = 0, (35) gives
φn+1 (x) = xφn (x) +
n
∑
k=0
(
n
k
)
φk (x) .
6. PROBABILISTIC REPRESENTATION
We consider a Poisson distributed random variable Z with intensity λ > 0. Suppose
further that λ is a random variable a beta distribution λ{ beta(1, p), the probability den-
sity function, for 0≤ t ≤ 1, and the parameter p > 0 as follows:
fλ(t) =
1
β(1, p)
(1− t)p−1
= p(1− t)p−1,
because
β(1, p) =
1
p
,
where β denotes beta function.
Then, the resultant distribution is a particular case of the beta-Poisson distribution [11,
13]. The probability mass function of Z is given by
fZ(k) =
∫
R
f(Z,λ)(k, t)dt
=
∫
R
fZ/λ(k/t) fλ(t)dt
=
∫ 1
0
p(1− t)p−1
tke−t
k!
dt
=
1
ek!
Γ(1+ p)Γ(p + k)
Γ(1+ p+ k)Γ(p) 1
F1
(
1
p+ k+ 1
;1
)
,
thus, the probability mass function of a weighted Poisson distribution. The moment gen-
erating function of the beta-Poisson distribution is given by
M(t) = E
[
etZ
]
= 1F1
(
p
p+ 1
; et − 1
)
,
where E is the mathematical expectation.
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It is well known that the higher moments E [Zn] of the Poisson distribution are φn(t). In
the next paragraph, we show that Bn,p(x) can be viewed as the nth moment of a random
variable x+ Z where Z follows the beta-Poisson law.
Theorem 18. Let Z be a random variable follows the beta-Poisson law, we have
Bn,p(x) = E [(x+ Z)
n] .
Proof. From (34) and [9, p. 13, formula (4,17)], we have
Bn,p(x) = p
∫ 1
0
(1− t)p−1E [(x+ Z)n/λ = t]dt,
on the other hand, we have
E [(x+ Z)n] = E[E((x+ Z)n/λ = t)],
from which we obtain the result by comparison. 
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